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Setup

The setup
Ingredients

» Countable family P of objects: polymers, animals, ...
» Incompatibility constraint: vy ~ ' (with v ~ )
> Activities z = {2y }4ep € CP.

The basic (“finite-volume”) measures
For each finite family Py C P

1
Wa({yr2, - ) = Za(z) 1 Fye T B H Liyjmm)
i<k

1
Ea(z) = 1—1—25 Z Z’YlZ'Yz"‘Z’YnH]l{WN%}

n>1 " (V15--7n) EPY J<k
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Examples

Examples: Canonical hard core

Hard-core lattice gas:

» Polymers = vertices of a graph

» Incompatible = neighbors

Every polymer system can be set in this form
Single-call loss networks:

» P = finite connected families of links of a graph —the calls
» 2, = Poissonian rate for the call v

» Compatibility = use of disjoint links (disjoint calls)
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Examples

Examples: Low-7T" expansions

Ising model at low T

» Polymers = connected closed surfaces (contours)

» Compatibility = no intersection
> 2, = exp{~28.J 1]}

LTE for Ising ferromagnets:

» P = connected families of (excited) bonds (contours)

) = {203 e, Js)
> v~ iff yNy' =0 (disjoint bases); (y = U{B: B € v})
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Examples

Examples: High-7T expansions

General HTE:
» P = {connected finite subsets of bonds}

>
cn= [ JLEP - 1) @ us(den)
B

AEB reB

» B~B it BNB' =0 (B=U{B:Be€ B})

HTE for Ising ferromagnets:

» P ={Be€By:B connected , Y z.5B =0} (cycles)

> 2B = [[gcp tanh(BJB)
» B~B if BB =10
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Examples

Examples: Random geometrical models

FK representation of Potts models:

» P={ycclL}

>
b = gD Y I o

BCBy z,y}eB
(’y,B)Connected{ 7y}

with v, = eflev — 1
» Compatibility = non-intersection
» If v{z,y} = —1 — chromatic polynomial

(B8 — oo with J,, <0, i.e. zero-temperature
antiferromagnetic Potts)
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Examples

Examples: Geometrical polymer models

» P = family of finite subsets of some set V
>~y =Ny =0

Original polymer models of Gruber and Kunz
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Generalizations

Generalizations

Continuous polymers

1 1
z—2z2€ , — Y — = [ dy-dy
’I’l' T'L' 7)[’!\1

(Y15 70)EPR

= 2"
DA(ZJE) = 1+Zm/7)n§—yl 5771 Hﬂ{'YjN'Vk}dryl'.'d’Yn
A

n>1 i<k

Soft interactions

Liymmy — (Vi Vk)
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Cluster expansions

Cluster expansions

Write the polynomials (in (z)~ep)

=1+ Z Z 2y By v+ By, H ]l{%.N%}

=1 (V150010 EPY J<k

as formal exponentials of a formal series

SINE £ {Z o Z qﬁT(fyl,...,%)zw...z%}

n=1 """ (y1,...,yn)EPY

» The series between curly brackets is the cluster expansion

> o1 (71,...,vn): Ursell or truncated functions (symmetric)

> Clusters: Families {71,..., 7} s.t. ¢ (y1,...,7m) #0

» Clusters are connected w.r.t. “="
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Cluster expansions

Classical cluster-expansion strategy
Find a A-independent polydisc where cluster expansions
converge absolutely

That is, find p, > 0 independent of A such that cluster
expansions converge absolutely in the region

R = {z:|zv|§p7,'y€77}
To this, find p > 0 such that

H’Y() p = 1+Z Z }¢T(’707717~~7’Yn)‘ p’Yl p’Yn

. (’71 IR ,’Yn)epn

(no A!) converges. Within this region
» No = has a zero
» Explicit series expressions for free energy and correlations
» Explicit ¥-mixing
» Central limit theorem
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Part IV

Algebraic properties of the expansion
(cont.)

Goals:
» Algebraic properties of the coefficients of the series

» Expressions for ¢’

Three approaches:
» Derivation using multivariate formal power series
» Verification (valid also for the continuous case)

» Elegant algebraic approach
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Outline

Truncation

The case of measurable polymers
General result
1st proof
Elegant proof
Moebius transform

Correlations
Level-1 case

Penrose identity
Truncated functions for hard core
Penrose identity
Partition schemes
Proof of Penrose identity
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Derivation through multiplicity functions

If a(v1,...,7vs) is symmetric under permutations of (y1,...,vn)
1 a(a)
Do >l m) ey, = D 2
n>0 (Y150 yn)EP™ a>0

where a = {o, : v € P}, o, € N (multiplicty function)

> U = ep{ 3 o)

>0 B>0

Hence:
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Definitions of truncated coefficients

() alnw) = S (m) a0

ko AL Ik}
part. of {1,...,n}

or, equivalently

n

k
(o) @ (ysey) = DD =1 Y [[ebm)

k=1 {I1,...I;} i=1
part. of {1,...,n}
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The “exponential transform”

In fact, the fact the use of labels 1,...,n is conventional

Theorem (“Exponential transform”)
Let S be a finite set and let F,G : Parts(S) — C. Then,

k
FA) => > Jle®B) vacs

k’ {Bl ..... Bk} =1
part. of A

if and only if

k
GA) = > ()" k-11 > J[FB) vAcS
k=1 {B1,....By} i=1
part. of A

[c.f. Moebius transform: F(A) =) -, G(B)VAC S <=
G(A) = X pea(-)"IF(B) VA C 5]
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General result

General measurable polymers
In fact, previous expression applies also to the continuous case

Theorem

If
) alv,nmm) =Y. > a"(w)a ()

k {T1se5Ix}
part. of {1,....,n}
then, as formal power series in z,

zn
1+Zn!/Pna('Vlv---a’Yn)f'n"'g'ynd’Yl"'d'Yn
A

n>1

ZTL
= eXp{ n,/ at (s ) &y d71"'d7n}
n>1 PR

[This results includes the discrete case!|
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1st proof

First proof

Replace (x) in the original series and use combinatorics:

1+Z / a( i) € dyft =

n>1

YIS S [ fenen

n>1 " k>1 {I,.I,} =1
part. of {1,...,n}

The integral over dv;, depends only on |I;| =: ¢;

l n
K'\fly--- 4

ways to choose {I1,--- , I} with |[;| =¢;

There are
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1st proof

First proof (conclusion)

Hence

1+Z / a(y1) € dr

n>1

nl o [ 2t T, ¢
= 1+Z Z Z k‘!A1|:E@'!/'plia(’71
1= A

n>1 k>1 (1. 7&@)
L1+l =n

= 1+> [Z / (v) €7 dnf

k>1 >1

k

) £; )
DN dyy

Penrose
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Elegant proof

Elegant proof

Two ingredients:

(i) An association

a={an:P"—C} a0~|—z /an'yl N dny

n>1

(ii) An operation “x” such that

x b

[ao + / an (1) €1 d’h] [bo + Z / n (V1) €% d’h}

n>1 n>1

IS
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Elegant proof

Algebraic setup: Basic definitions

(i) In A = {a} let us define the product

(@ * b)n(7) = > an (7)) by (V1)

(I1,1I2)
part. of{1,....,n}

(ii) For each integrable function & = {&, : v € P} let

€0 = w+ Y5 [ aGnerar

n>1

Penrose
000000000
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Elegant proof

Algebraic setup: Key calculation

Proposition
For each &, the map (€, o)(2) is a homomorphism from
(A, +,*) to the algebra of formal power series; that is,

(a) (€, a+0b)(2) = (£, a)(2)+ (£, b)(2)
(b) (€, axb)(z) = (£, a)(2) - (£, b)(2)

Proof: (a) Immediate, (b) exercise (easier than the above check
on the exponential. [
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Elegant proof

The x-exponential and *-log
(A, +, %) is an algebra with unit § with (8), = dno0
[i.e. a*d = a for each a € A]
Let A, = {a € A:ap=0}. The series

—_
—

Exp*(b) = é+b+§b*b+§b*b*b+---

defines a map Exp*: A — 6+ A,
By the same combinatorics as for the usual exp and log series,

1
Log*(a) = a—gaxatgaxaxat- -

Log*:0+ A, — A, is the functional inverse of Exp™:

a = Exp*(b) < b= Log*(a) (1)
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Elegant proof

Explicit expressions

In fact, for each argument (z1,...,z,) both sums are finite:

n k
[Exp*(b)], (z7) = ) > | J JRCTAR

k=1 {I,..,Ix} =1
part. of {1,...,n}

n

k
[Log*(a)],,(z) = Y (=D 'k =10 > Tlamtm)

k=1 (Ih,...I;} i=1
part. of {1,...,n}

and (1) is just a proof of the exponential transform.

Penrose
000000000
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Elegant proof
Conclusion of the elegant proof
The proof that (%) implies

1+Z / a(y1, -+ m) &y Gy dyr e dm

= exp{z n,/ 71,--.,%)571-~§%d71---d'yn}
n>1

reduces then to the statement

< >( ) is an homomorphism,
“(a

)(z) = exp[(¢, a”)(2)]



Truncation Continous Correlations Level-1
000000000e

Moebius transform

Moebius transform reinterpreted
Let 1 € A defined by 1,(7f") =1 for each n

Then
Z Qg (’YI)

To invert this we need g s.t. 1xg = J, or

lax1], (77)

> gn(n) = dno

Ic{1,....,n}

By induction:
gn(1) = (=1)"
The relation
b=axl <= a=bxyg

is Moebius transform

Penrose
000000000
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Correlations: General expression

Let us denote

PA(’Yla cee 7/7m) = Pl"ObA({’Ylw o a’}/m})

Then _
EA(V1 - Ym)

=
=A

PA(’yla"'vl}/m) -

with

_ 2" T
:A(’Yl:---7’7m) = Z’Yl ..'Z'szlf ¢(71n7’7?) E’h de?
nso PR

Penrose
000000000
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Derivation operator

Let us introduce D, : A — A,:
[Dya] (A1, 3n) = anp1(7, 71,3 7n)
More generally, let Dym = D,,, + -+ Da,:
[Dyp a1y -3 3) = antm(TAT)

We see that
Ea(M") = (&, Dypo)

Penrose
000000000
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Properties of derivations
The operator Dr can be called a derivation because
D.(a%b) = Dy(a)*b + ax*D~(b)
[Proof: exercise]
Hence, using series combinatorics as for the usual exponential
D, [Exp*(a)] = D,(a) » Exp*(a)
and, more generally,

Dy [Exp™(a)] =

> Y D, (@ *Dy (a)*Exp*@) (3)

k=1 {I,....,I}
part. of {1,...,m}
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Continous Correlations

Truncation
0000000000

Truncated partitions
From (2)—(3):
EAGT) = (& DypExp(e"))

Z ST (&, Dy, (¢N) (€. Dy, (87))

k=1 {I,. I}
part. of {1,...,m}

x (€, Exp*(¢"))

Let us denote

EAOT) = (€, Dyp(@h))
2" m ~n\ &Y gn
= 271"‘vazn|/ o" (VAT €1 dA
n>0 7Py

[can be estimated through cluster expansion]



Truncation Continous Correlations Level-1 Penrose
0000000000 000000000

Truncated probabilities

Finally,

m
PA(’Yla"w’Vm) = Z Z 5’11\1(711)"'53\1(7116)

F=1 (I, 0}
part. of {1,...,m}

This allows the control of correlations via cluster expansion

Note that P, is the exponential transform of EK

Hence, by the inversion (log) formula:

ERO) = D (=DM R-1 > Palyn) - Palyn)
k=1 (11,0}
part. of {1,...,m}
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Discrete case

Proposition

As formal power series,

0 0 >

—T —_
Ear, - vm) = |y m— 2y, =— | log =
A( m) < 71 8’)/1 Y a,ym
Proof. By induction, m =1 is enough. Must prove:

Lemma
For symmetric functions a(v1,...,%),

9 1
M(Zn' Z a(/yla---,vn)zvl-..ng)

n>0 """ (Y1, n)EPT

- Z% > a1V )

n20 " (i, 70)EP

Penrose
000000000
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Proof of the lemma
We resort to the identity

Z Z 717---7’Yn)271-~z%: Zag{o{)za

n20 . (717 ’,Yn)e’Pn

We have

0/70 <Z n! Z a(’Yl,...,’yn) Zmy ”'Z’Yn>

20" (41 m) EP

o a(a) zafSWO
- Z (a - 6’70 ) !

which, by (4), is the RHS of the lemma [

Penrose
000000000
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Most popular case

a(fyla s 77”) - H (p(ﬁyivfyj)
{i.5}
[p(vi, ;) = e BU): B — 0o for “hard-core”]. Writing
() = 1+ (e —1) = 1+%(%)
We have

{i.5}
= Z H ¢ ’Ye
GCGrn ecE(G)

» G, =complete graph with vertices {1,...,n}

» Sum over (not necessarily spanning) subgraphs of G,

> E(G) = edge set of G

Penrose
000000000
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Connected graphs and partitions

Decomposing each G into connected components,

a(1,-- -, n) Z > H[ 11 d)%}

k=1 {G17 7Gk} i=1 66E‘(G
conn. part. of Gy,

[G; can be a single vertex, [y = 1]

Grouping graphs with same vertex set:

A DI SR | (N D 1 (RS

k=1 {11,...,Ik} i=1 GCG[ EEE( )
part. of {1,...,n} conn. span.

Penrose
000000000
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THE formula

Conclusion: If

a(yi,--m) = ] et )

{i,g}
then
aT(’Ylw”a'Yn) - Z H 1#%
GCGn  ecB(G
conn. span.
with

V(i vi) = e(vi, ) — 1

Penrose
000000000
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Truncated functions for hard core

Correlations Level-1 Penrose
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Truncated functions for hard core
For hard core:

N _ =1 ify oy
¢(7@77j) = ﬂ{’YiN”/j} -1 = { 0 if 7 ~

Hence: For each n-tuple (y1,...,7,) construct the graph
Q(MW,%) with V(G) ={1,...,n} and E(G) = {{zg} Dy fyj}
Then

1 n=1

ST (v, ) = > (-)IF@I n>2, G conn.

GCY(y,y

G conn. spann.

0 n > 2, G not c.

This formula involves a huge number of cancellations



Truncation Continous Correlations Level-1 Penrose
0000000000 0O®0000000

Penrose identity

Penrose identity

Penrose realized that these cancellations can be optimally
handled through what is now known as the property of
partitionability of the family of connected spanning subgraphs

Theorem
For any connected graph G = (V,E) there exists a family of
spanning trees —the Penrose trees ’Tgpenr— such that

Z (_1)|E(G)| — (_1)‘V|—1 ‘r]’gpenr|
GCg
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Correlations Level-1

Partition schemes

Partitionability of subgraphs

Let
» G = (U,E) a finite connected graph
» Cg = {connected spanning subgraphs of G}
» 7 = {trees belonging to Cg}

Partial-order Cg by bond inclusion:

G<G < E(G)cCE®G)

If G <G, let

[G,G) = {GeCz:G<G<G}

Penrose
00000000
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Partition schemes

Partition schemes

A partition scheme for Cg is a map
R:1Tg — Cg
T — R(7)
such that
(i) E(R(T)) D E(7), and
(ii) Cg is the disjoint union of the sets [r, R(7)], T € Tg.
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Partition schemes

Penrose scheme

» Fix an enumeration vg, vy, ..., v, for the vertices of G
» For each 7 € 7g let d(i) = tree distance of v; to vg
> Rpen(7) is obtained adding to 7 {v;,v;} € E\ E(7) s.t.

(p1) d(i) = d(j) (edges between vertices of the same generation),
or

(p2) d(i) =d(j) — 1 and 7 < j (edges connecting to predecessors
with smaller index).



Truncation Continous Correlations Level-1
0000000000

Proof of Penrose identity

Penrose identity

For a partition scheme R, let

Tr = {T Sl ‘ R(7) = T}
(set of R-trees).
Proposition

Z(_l)IE(G)\ - (_1)\V|71‘7R‘

GeCg

for any partition scheme R

Penrose
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Proof of Penrose identity

Proof of Penrose identity

For any numbers z., e € E,

SMe-YX = ¥ =

GECg ecE(G) T€Tg e€E(t)  FCE(R(T))\E(7) e€F

= Z H Te H (1+ )

T€Tg e€E(r)  e€E(R(1))\E(7)

» If . = —1, the last factor kills the contributions of any
tree 7 with E(R(7)) \ E(7) # 0

» For any tree, |E(7’)} =|V|-10O
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Proof of Penrose identity

Comments

» Hard-core condition is crucial. If only soft repulsion,

14z <1

and we get the weaker tree-graph bound

S = = X IT leel < 17

GeCg e E(Q) T7€TG e€E(T)

» At any rate we have the identity

Z H Te = Z H Te H (1+ )

GeCg e€E(G) T€Tg e€E(1)  e€E(R(T))\E(T)

Penrose
000000080
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Proof of Penrose identity

Tree-with-larger-degrees bound

As Penrose conditions involve loops:

The smaller the number of loops,
the easier to satisfy Penrose conditions

Hence, if for an incompatibility graph G,
T; = homogeneous tree with max. degree of G

then

75| < |The

where 7g ,, refers to all trees with n vertices

Hence, for the univariate case (z, = z, only # of trees counts):

R(g) D) R(Tg)
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Part V

Convergence criteria for hard-core
polymers

We shall review three types of proofs:
» “Classical” (Cammarota, Brydges): defoliation of trees

» Inductive (Kotecky-Preiss, Dobrushin):
“no-cluster-expansion”

» Classical revisited (F.-Procacci): trees from root up

We shall compare results for benchmark examples

Proof
0000000
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Outline

Review of formulas
Truncated functions for hard core
Penrose identity

Classical convergence criterium
Classical majorizing series
Summing “from leaves down”
Classical criterium

Inductive approach

Classical approach revisited
New criterion
Standard form of the criteria

Proof
The ingredients
Convergence condition
Explanation of the different criteria

Proof
0000000
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THE formula

If
a(yi,--m) = [ o)
{i.}
then

A"y, m) =Y T ©ti)

GCGn  {i,j}€E(G)
conn. span.

with G, = complete graph on {1,...,n} and

Proof
0000000
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Truncated functions for hard core

Truncated functions for hard core
For hard core:

N _ =1 ity oy
¢(7@77j) = ﬂ{'YiN"/j} -1 = { 0 if 7 ~

Hence: For each n-tuple (y1,...,7,) construct the graph
Q(MW,%) with V(G) ={1,...,n} and E(G) = {{zg} Dy fyj}
Then

1 n=1

6T (v, ) = > (-)IF@I n>2, G conn.

GCY(y,y

G conn. spann.

0 n > 2, G not c.

This formula involves a huge number of cancellations
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Penrose identity

Penrose identity

Penrose realized that these cancellations can be optimally
handled through what is now known as the property of
partitionability of the family of connected spanning subgraphs

Theorem
For any connected graph G = (V,E) there exists a family of
spanning trees —the Penrose trees ’Tgpenr— such that

Z (_1)|E(G)| — (_1)‘V|—1 ‘r]’gpenr|
GCg
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Penrose identity

Penrose scheme

» Fix an enumeration vg, v1, ..., v, for the vertices of G

» For each 7 € 7g (thought as a tree rooted in vg), define

d(i) = tree distance of v; to vy

» Let Rpen(7)= 7 plus all links {v;,v;} € E\ E(7) s.t.

(p1) d(i) =d(j) (edges between vertices of the same generation),
or

(p2) d(i) =d(j) — 1 and i < j (edges connecting to predecessors
with smaller index).

» Then,
TE€TZ™ <= Rpen(T) =T
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Penrose identity

Penrose trees

General graph
A Penrose tree for G is a spanning tree s.t.
(P1) Brothers are not be neighbors in G and

(P2) A (generalized) nephew-uncle pair is not linked in G if

nephew has larger index

Cluster-expansion graphs
A Penrose tree for G, . is a spanning tree s.t.

(P1) Brothers are incompatible and

(P2) (Generalized) nephews are incompatible with uncles with

smaller index

Proof
0000000
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Penrose identity

Tree-graph bound

In conclusion:

‘¢T(707’717 s 77”)‘ = ‘TPen

g(vo,vl ,,,,, n)

Historically, the only way Penrose identity was exploited was
through the tree-graph bound:

,,,,,

‘QST(PYO?’YD""’YH)‘ < ‘%(70,71 n)

where 7g = {connected spanning trees of G}
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Classical majorizing series

“Classical” majorizing series

Using the tree-graph bound,

Z (—1)IE@)

GCG

= 7™ < | %]

we obtain

where Ty = 1 and

Tn(v0) = Z Z Pyt P

(715:9m) 7-ETg('voy'n ..... yn)

Proof
0000000
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Classical majorizing series

Contribution of a tree

Interchanging sum over polymers with sum over trees:

Tulw) = > D Ry

0 5.t
TETn+1 (Y15-+57m) st

TC9(v9,71 5 7m)

= Z TT(’YO)

0
TeT),

where

7,0, = {trees of vertices 0,1, ...n,rooted in 0}
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Summing “from leaves down”
Geometrical translation-invariant polymers

To compute T, start summing over v’s at leaves:
S; 84
3
[T Y re =20
J=173,5) Vi VY

For translation-invariant geometrical polymers,

> oy <l Do ey

Rhadl 730
Then, for each ~; that is ancestor of leaves

. si
Py~ Py 1l [Z pv}
v30
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Summing “from leaves down”

Summing “from leaves down”

Iterate! The sum over successive ancestors yields

T () < |l ﬁ[zpw Ivlsl}

=0 30
» This bound depends only on sg, s1, ..., Sn
» The sum over trees 7 brings a factor

# trees with coord. nbers n
S0,81+1,...,8,+1 N

(Cayley formula)

so+1s1 ...

)

Proof
0000000
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Classical criterium

Classical criterion

In consequence

Tu(v0) < holn! ) H[Z Py ’Zl!}

S0sS1seees Sn 0
P =0 >

Hence

My (p) < ol D[ pyel]”

n>0 730

S pell <1

730
[Cammarota (1982), Brydges (1984)]

which converges if
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Inductive arguments

Kotecky-Preiss (1986): Convergence if a : P — [0,00) s.t.

Z Py ¢’ < a(y)

vy

Dobrushin (1996): Convergence if a : P — [0,00) s.t.
py < (2 =1) exp{= 3" a()}
vy

=A

Key: Control

= through (deletion-contraction?)
=M\{ro}

ZA = EA\{y0} + 24, ‘:‘A\/\/'.;*O

[ /\/‘;‘0 = {polymers incompatible with ~o}]

Proof
0000000
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0000

Dobrushin criterion

Theorem
Assume

py < (e“(”) - 1) exp{~ Y a('/)}
vy
Th'enz Zf |Z’Y| S p’y

log | = ‘ < a(0)
=M\ {7}
Note that if A’ C A, telescoping,
log| 22| < 3 a(y) <
L:JA/

YEA\A'

Proof
0000000
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Proof of Dobrushin criterion

By induction on |A|. Start with

= SAN
‘HA S1_|_p’y()~\"/()
=A\{0} =A\{0}
From (7)
=ZA
= < 1+ py exp{ > a(v)}
=A\{v0} Yy0
And, by the criterion (5)
‘H =A < ea(’Yo)
=A\ {70}

Then use logarithmic inequalities. [
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“Standard form” of the criteria

If we substitute
py = pye®  (Kotecky-Preiss)
py = € —1 (Dobrushin)
We obtain convergence if there exists pu € [0,00)" such that

Pvo exp[z Nv} < py  (Kotecky-Preiss)
Y70

Po H (144) < py  (Dobrushin)
Y*Y0

Proof
0000000
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Comparison D <~ KP

D improves KP because
[T +m) < exp[ 3 )
Y7%Y0 ¥*Y0
Differences:

» D lacks powers ufy

» D exact for polymers with only self-exclusion

Proof
0000000
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Observations

» It looks as a hierarchy of approximations
» Dobrushin extracts extra information Which one?
» Why the form

Pro Pro () < fing ?

Work with A. Procacci:
» All further information must be in Penrose identity

» Form (8) suggests iteration

Proof
0000000
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New criterion

New condition (with A. Procacci)

For each vy € P let
B, () =14 — > HoyiHogs < o,
V0% ¥i~j  1<iG<n

(grand-canonical part. funct. of the G-nbhd of ~g, including o)

Theorem
If for p € [0,00)" there exists a p € [0,00)" such that

Pyo E./\/’;“O (/J') < Hro 5 V’YO eP,

then I1(p) converges for such p
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New criterion

Comparison New «— D

The improvement is expressed by the inequality

Ens (w) < [T (0 +m)
Y70

LHS contains only monomials of mutually compatible polymers

Sources of improvement:

(11)

(12)

= N3, has no triangle diagram (i.e. pairs of neighbors of g
that are themselves neighbors)

In Epr; , the only monomial containing /iy, is 11y, itself, (0

is incompatible with all other polymers in VX))

Proof
0000000
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New criterion

Intermediate criterium

Our criterium does not have a product form

(Sokal) It may be useful to use the bound

ENJO (B) = py+ E'./\/?y0 (1)
pao + TT (14 19)

Y*Y0
Y#EY0

IN

to obtain the Improved Dobrushin criterium

pro [ + TT (14 1)] < oy

T*Y0
Y#Y0

Proof
0000000
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Standard form of the criteria

Summary of conditions

Available convergence conditions are of the form
Pro Pr0(1) < ping
with
exp |:Z’y€ N /‘v} (Kotecky-Preiss)
H’yEN% (1+ py) (Dobrushin)

Pyo (1) =
o + Hve Nag (1 + /‘v) (improved Dobrushin)

| =, () (new)
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00000 00000 0000 9000000

The ingredients

Proof. 1st ingredient: Improved tree bound
Retain only (P1): Brothers may not be linked in G

If {4,491} and {i, i} are edges of T, then ~;, ~ 7,
In this way pII(p) < p*, with

* Pp—
p70 T

n= 1 (71, Yn)EP™ 7T i=0

where i1, ...,1s; = descendants of ¢ and

n n
en(90, 71,0 9m) = [ Momny [ iy
=1 =1
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The ingredients

2nd ingredient: Iterative generation of trees
Consider the function T, : [0, 00)” — [0, 00]” defined by

1
(Tp(u)) = Py {Hzn, > (Y0 ) B - H
" n>1 " (31, rm) EPT

Tp(pk) = po(p)

Diagrammatically:

() = o+ o=+ < @<
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The ingredients

Summing “from the roots up”

The diagrams of the series

Tp(Tp(N)) = Tpg(/“l’)

have black dots replaced by each of the preceding diagrams.

That is, Tp2 (p) = sums over trees with up to two generations
with e in 2nd generation

Likewise, T,(pt) = sums over trees with up to n generations

with e in n-th generation

Iterating,
T'(p) / p’

n—oo

Alternatively, p* generated by replacing ¢ — p*:

pt = peplp’) or  p" = T,(p")



Formulas Classical Inductive New
00000 00000 0000

Convergence condition

Convergence

Cheap way to ensure finiteness: Existence of p s.t.

Tp(ﬂ) < p

Then, by positiveness of the terms:

pr < T < - <TH(p) < p

Furthermore, if there is convergence, then (9) holds for p = p*

Proof
000®000
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Convergence condition

Theorem (*)

p* converges iff pp(p) < p for some p € [0, 00)”

Within the region of convergence
(i) T(p) ~ p"

n—oQ

(if) p* =Tp(p*) or p=p*/p(p*):

p=flp) = )=

(iii) For each n € N,

pIl < p* < T () < T (p) < p

Proof
0000®00
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Explanation of the different criteria

1, for the new criterion

If

n n
en(90, 71 9m) = [ omny [ iy
i=1 j=1

(Tw)) = [1 +> % > [T

n>1 (71, 7n)EP™
YO* Vi Vi~V 1SEi<n

= Py E'P«,O (1)

N /’L’Yn:|

Proof
00000e0
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Explanation of the different criteria

T, for the Dobrushin criterion

If we replace «y; ~ «y; by the weaker requirement v; # v;:

n n
Dob
Cno (707 Y1, -- 77%) = H ﬂ{'YO”"’Yi} H ]1{’Yi7é'7j}
i=1 j=1

which yields

(TpDob ( u))

o n>1 Y15+ Ym)EPT

Y0 Vi ViFEYj > 1SE,i<n

= Py H (1+:U"Y>

Y*Y0

(Dobrushin condition)

1
P70[1+Zn, Z Moy -

. /"L'Yn:|

Proof
©00000Oe
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Explanation of the different criteria

T, for the Kotecky-Preiss criterion

If requirement ~y; ~ 7y; is ignored altogether,

n
CL{P(707 Y1y - 7’Yn) - H Il{»yoooryi}
i=1

(TPKP (“)) = Py [1 + Z % Z Hoyg - /“L'Yn}

(Kotecky-Preiss)
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Part VI

Applications and examples

compare convergence results for
Incompatibility graphs of bounded degree
Geometrical polymers

Zeroes of the chromatic polynomial

Hard spheres

Perspectives
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Outline

Univariate case
Incompatibility graphs of finite degree
Geometrical polymers

Zeroes of chromatic polynomials
Sources of improvement
General strategy
Sokal-Borgs
Improved bounds

Hard spheres
The bounds

Perspectives

Perspectives
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Univariate case: 2y =2

* oo n
p

Zn[ Z Z Hcsi(%7%17"-77isi):|

,0 n=1 (Y1070 )EP™ 7€T0 =0
and
ILLn
p(p) = 1+Zn![ Z cn(’yo,'yl,...,q/n)]
nzl (717'“7777,)67)”

Then, the radius of convergence of p* is (exactly!)

7]
sup ——
u>0 )
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Single-polymer case

Take P = {7} and ¢, (7,7,...,7) = ¢s,;, then

-1+ 5[5 1

€70 i=0

*

and

um
o) = 1‘{'2%5

n>1
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Something known

Particular case: ¢, =1
Then,

Theorem (*) implies:
(i) Radius of convergence = suppe = e !
>0

(ii) For 0 <z <e™!

c=2xe

c:f(:p)zzn " = fHc)=ce

|
=t f(z) = 2e/@

f(x) = Lambert W function
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Comparison: Graphs of maximal degree A

’ Condition H Radius ‘
1
Kotecky-Preiss m
: AR
Dobrushin m
Improved Dobrushin L+ AR !
=new for (A—1)-reg. tree (A —1)A-1
A —1)A-D
Scott-Sokal ( A)A ()
New: (A+1)-complete graph (A+1)71 (%)
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Explanation: Criteria for graphs of degree A

Condition Criterion
Kotecky-Preiss p < pe AtDr
Dobrushin p < S S
— ()it
improved Dobrushin L
PR (1+p)A
=new for (A—1)-reg. tree H H
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Comparison: Graphs of maximal degree 6

’ Condition H Radius ‘
Kotecky-Preiss 0.052
Dobrushin 0.056
Improved Dobrushin 0.062
Scott-Sokal 0.067

New: Domino in Z2 0.076

New: Triangular lattice || 0.078

New: complete graph 0.142
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Explanation: New criteria for graphs of degree 6

Model Criterion
Domino in Z? p < _F
T 1+ Tp A+ 9u?

. : /j/
T lar latt <
riangular lattice p= 14 7+ 8u2 + 23

7

A+1)-complete graph <
( ) p grap p_l‘i‘(A‘i‘l)M
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Improvements for geometrical polymers

It is useful to pass to functions a(vy) defined by p, = p, e(”)

Our new condition becomes

1+ Z Z ﬁ P e?(1) < ga(r0)

n>1 {71+--»7m}ICP 1=1
Y0NY; #0 Ny =0,1<i,5<n

Keep: each of v1,..., 7y, intersects a different point in g
(otherwise they would overlap).Hence
(i) n < |l

(ii) n different points in -y are touched by v1 U--- U,

These n points can be chosen in ('1?‘) ways
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“New” condition for geometrical polymers

Hence, the left-hand side is less or equal than

I’YO' | | n "YOI
2 (W) s S e] = e e
n=1 TN Lep TEN ep
Yoz Yoz

This leads to the condition

sup Z Py e < gatr0)/lnl _1q

TEY L cp

Yoz
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Gruber-Kunz condition

In practice, a(7y) is chosen of the form a(vy) = a|y|, with a > 0:
» This the expected optimal asymptotic behavior for || large
» Calculations are reduced to the determination of a

[General dependence: to deal better with small polymers]

If, in addition,

sup —— sup
TEYo xeV

“new” condition = Gruber-Kunz (1971) condition

Originally proven using Kirkwood-Salzburg, can also be proven
inductively
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Comparison: Geometrical polymers

Criterion Condition
Kotecky-Preiss sup Z Py e?hl < ¢
YEP:ySx

Dobrushin sup H [1+py e“"yq < e
YEP:y3x

Gruber-Kunz sup Z Py el < e*—-1
YEP: vz
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Zeros of chromatic polynomials

No zeros = convergence of cluster expansion for v C V with

5(g) = ¢ M= Y~ (-1)B

BCBy
(~,B) conn.

Available criteria

f a (KP)
w2, @ -1 (GK)
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Double improvement

Combining above expressions, zeros are excluded if

Sencn < { a  (KP)

e —1 (GK)
n>2
with
Cl=sup > |z(q)]
zeV 'yC‘VI: zEY
y|=n

Two sources of improvement:
(i) Use of GK instead of KP

(ii) Better estimation of Cf thanks to Penrose
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Successive bounds

n—1
co < <1> T,

q
with
sup t20(G, vo)
voeV
T — sup tn(G,vo)
no— vo€V
nn—l .
n!

tn(G,vg) = # subtrees of G, with n vertices, including v

tPen(G,vg) = # of Penrose subtrees rooted at vg
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General strategy

General strategy

Chromatic polynomial free of zeros in the region

o > g nt{ ZT[ S Paseinria Y

= min ¢ [sup{iUiF(@ 3{ ;tzf‘:a EIG{Q }H_l

with
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Sokal-Borgs

Sokal-Borgs bound
For the weakest choice T}, = n"~! A"~!/n!,

Flz) = ff;) _ f(aD)

for f seen above. Hence
F(z) < 14+ae® = f(Az) < In(14+ae™?)

and, as f~!(c) = ce ¢, there are no zeros if

A

exp{a +In(1+ ae_“)}
> mi
la] = a>0 In(l1+ae=9)

GK improvement: 1 +ae™® — 2—e % (7.97 — 6.91)
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Sokal-Borgs

Improved bound
G of maximal degree A
Pessimistic estimation:

F(:n):f(;) with f(z) =) ta(A

n>1

Perspectives

tn(A) = # of n-vertex subtrees in the A-tree incl. a fixed vertex

To construct f(z):
» Start with weight = and choose branches (out of A)
» At the end of each branch, repeat!

Hence:

Cc

A
f@) = a[t+ @] ad SO = g os

[Exercise: prove this through Theorem (*)]
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Sokal-Borgs

Sokal bound

F(z)<l4ae™® = f(z) < (14+ae)V2—-1

(1+ae9)/A2 -1

= x <
1+ae @

1st improvement: except for root, only A — 1 branches available
fale) = @1+ fa-1(@)]?

This yields absence of zeros for (Sokal’s table)

gl > min e“(1 +ae_“)17%
T >0 (14 ge9)x — 1

2nd improvement: 1 4+ ae™® — 2 —e™¢
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Improved bounds

Use of Penrose trees

» Penrose trees exclude triangle diagrams
» Root can link to any neighbor

» Other vertices link to neighbors # predecessor
For k=1,... A, let

e = sup‘{UC/\/'JO: |U| = k and {v,v'}%EVv,v'EU}‘
vo€eV

(maximal number of families of k vertices that have a common
neighbor but are not neighbors between themselves)

% = sup max

0
voEV ve JO

{U CNA\{v}: |U| =k and {v,0'} ¢ EVv,0 € U}‘

(same as above but excluding, in addition, one of the neighbors)
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Improved bounds
Doubly improved bound
Then

A
Zg(x) =1+ tiah (10)
k=1

plays the role of (1 + z)? in Sokal’s argument, and

A—-1

Zo(a) =1+ Y TG at (11)
k=1

plays the role of 1 + fa_1. Using also GK:

o
- aZ(;(ZG (2—e ))
N=300° "z 2—ca

G e %)
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Improved bounds

Comparison: Zeros of chromatic polynomials

Upper bounds of the radius of the polydisc containing the zeros
of the chromatic polynomials for graphs of maximum degree A

General graph || Complete graph
Sokal | New New Exact

A

2 13.23 | 10.72 9.90
3 21.14 | 17.57 || 15.75
4

6

29.08 | 24.44 21.58
44.98 | 38.24 || 33.24
Any || 7.97A | 6.91A || 5.83A

D oo ow
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The bounds

Classical bound for the hard-sphere gas

Prol) = 1+ B / dx”Hﬂ{\Iz—zoKR}
>1
R) ]

n
= exp[

with V3(R) = volume of d-dimensional sphere of radius R
Hence convergence if

I 1
|z] Va(R) < max —————— = —
| nexp[Va(R)p] e
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The bounds

Analycity for the hard-sphere gas: New bound

<

where

ko
Caw) = 34 / ey

k>0 lyi—yjl>1
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The bounds

Hard-sphere gas in two dimensions

Ifd=2:
Classical: |z| Va(R)

IA

0.36787. ..

New: |z| Va(R) < 0.5107



vV V.V v v Y

Finite Geometrical Chromatic HS Perspectives
000000000 [eele)

Directions for further research

Incorporation of additional constraints in Penrose trees
Use of other partition schemes

Inductive proof?

Extension to polymers with soft interactions (in progress)
Uncountably many polymers (eg. quantum contours)

Revisit “classical” results based on cluster expansions
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Part VII

Alternative probabilistic scheme

The alternative treatment has the following features:
» It is probabilistic, hence only positive activities
» Basic measures = invariant measures for point processes
» Larger region of validity, but no analyticity

» Yields a “universal” perfect simulation scheme



Process Perfect simulation
000

Outline

The process and its schemes
Basic process
Forward-forward and forward-backwards schemes

Perfect simulation
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Probabilistic approach
(with P. Ferrari and N. Garcia)

Basic measures are invariant for the following dynamics:
» Attach to each polymer v a poissonian clock with rate z,
» When the clock rings, v tries to be born
» It succeeds if no other 4/ present with v ~ +/

» Once born, the polymer has an exp(1) lifespan
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Basic process
Alternative scheme
1st step: free process

» Generate first a free process where all birth are succesful

» Associate to each born polymer v a space-time cylinder

C7 = (7, [Birthew Deathm])

2nd step: cleaning

To decide whether a given cylinder C7 remains alive, determine
its clan of ancestors

A(CY) = {C":Base(;/owy,Birthm e [Birthc,,DeathC,]}
Ay (A (CT))
ACT) = UpAn(CY)

PN
3
A
Q
=
I
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Forward-forward and forward-backwards schemes

Forward-forward scheme

If A(C") is finite. do the cleaning starting from the “mother
cylinder”

» Keep mother

» Erase first children
» Keep new mothers
>

This is a forward-forward scheme
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Forward-forward and forward-backwards schemes

Backward-forward scheme

Ancestors clan can be constructed backwards
(Poisson and exponential distributions are reversible)

To construct the clan of ancestors of a finite window A:

Generate, backwards, marks at rate z,e™® for each v = A

[

» These are cylinders born at —s and surviving up to 0
» Take the first mark; ignore the rest. If its basis is y1
>

Repeat with
A — AU{n}

s o s Birth,, %f’yoé’y/
0 1f’yo¢A,7Nf)/1
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Perfect simulation
If
P({A? finite}) = 1 (12)
cleaning leads ezactly to a sample of the basic measure
Sufficient conditions for (12)?
» Clan of ancestors defines an oriented percolation model
» Lack of percolation = (12)

» Can dominate by a branching process:

» branches = ancestors
» branching rate = mean surface-area of cylinders:

1
m2|0| zp X 1

Oy

(geometrical case)
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Extinction condition
Extinction of the branching process implies (12)

Hence, perfect simulation if
1
— > 10lz < 1
M=

Under this condition
» Prob = limy Proby exists
» Mixing properties

Prob({70,71}) — Prob({yo}) Prob({y1})| < e~ M disttom)

» CLT: If A depends on a finite # of polymers

1
ﬁ Z ]I{A-i-x} N N((): D)
zEA

with D =" Prob(AU A + z)
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Comments

Perfect simulation of a finite window of the infinite Prob
Universal perfect simulation algorithm
Scheme = alternative definition of Prob

Hence, new way to prove its properties in a larger region

vV v v v Y

No analyticity, no info on zeros of partition functions



Process Perfect simulation
ooo




	Recapitulation
	Setup
	Examples
	Generalizations
	Cluster expansions

	Algebraic properties of the expansion (cont.)
	Truncation
	The case of measurable polymers
	General result
	1st proof
	Elegant proof
	Moebius transform

	Correlations
	Level-1 case
	Penrose identity
	Truncated functions for hard core
	Penrose identity
	Partition schemes
	Proof of Penrose identity


	Convergence criteria for hard-core polymers
	Review of formulas
	Truncated functions for hard core
	Penrose identity

	Classical convergence criterium
	Classical majorizing series
	Summing ``from leaves down''
	Classical criterium

	Inductive approach
	Classical approach revisited
	New criterion
	Standard form of the criteria

	Proof
	The ingredients
	Convergence condition
	Explanation of the different criteria


	Applications and examples
	Univariate case
	Incompatibility graphs of finite degree
	Geometrical polymers
	Zeroes of chromatic polynomials
	Sources of improvement
	General strategy
	Sokal-Borgs
	Improved bounds

	Hard spheres
	The bounds

	Perspectives

	Alternative probabilistic scheme
	The process and its schemes
	Basic process
	Forward-forward and forward-backwards schemes

	Perfect simulation


