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Setup

The setup
Ingredients

» Countable family P of objects: polymers, animals, ...
» Incompatibility constraint: vy ~ ' (with v ~ )
> Activities z = {2y }4ep € CP.

The basic (“finite-volume”) measures
For each finite family Py C P

1
Wa({yr2, - ) = Za(z) 1 Fye T B H Liyjmm)
i<k

1
Ea(z) = 1—1—25 Z Z’YlZ'Yz"‘Z’YnH]l{WN%}

n>1 " (V15--7n) EPY J<k
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Graph-theoretical framework

Graph-theoretical framework

Incompatibility graph G = (P,E)
Incompatible = neighboring (y = v = v < /)

NSy ={v € Py a0k Ny = N5\ {0}

[
» Polymer system = hard-core gas in a complicated lattice
>
» Independent vertices = non-neighboring vertices

v

Independent sets = sets formed by independent vertices

Thus,
Ea(z) = Z 2' with 2! = sz

I'CPp ’YEF

independent
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Correlation and characteristic functions

Ratios of partition functions

» Correlations:

=AY

—
—
—=A

Proby ({’Yla -+ Yk are present}) = Zoyy v By

» Characteristic functions: If Sa(y1,...,7m) = D iy (Vi)
Za(25)
Za(2)

» Zeros of partition functions related to smoothness of

E\ (efSA) = with z§ =z, ete(”)

1
= lim — log Z§
f(B,h) = lim TR
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Previous examples

Previous example: Single-call loss networks

» P = finite connected families of links of Z¢ —the calls

» 2, = Poissonian rate for the call v

» Compatibility = use of disjoint links (no intersection)

» Basic measures are invariant for the finite-region process

» Thermodynamic limit: infinite-volume process
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Previous examples

Previous example: Ising model at low T

Using the contour representation:

» Polymers = contours (connected closed surfaces)
» Compatibility = no intersection

> 2 = exp{=28J |}
Then

Walw|+) =

[I]‘ —

H
el (w
with

=1+ Z Z Ry Ry« + v By H ﬂ{’Yj“”Yk}

n>1 " (Y1500 ) ECR J<k
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Previous examples

Previous example: LTE for Ising ferromagnets

Write
Hy(w) = = > Jpw?-1)= > Js

BeBy BeB

» Contour = connected component of (excited) bonds

> Zy = exp{—2ﬂZB€,y JB}
> v~ iff yNy' =0 (disjoint bases); y = U{B : B € v}

Then Z)\ = ‘SA| ERT with
Sy = {X:XleforallBeBA}

(symmetry group) and

EI/J\T(Z> =1+ Z % Z T I H ﬂ{’YjN'Yk}

n>1 7 (Y10 ) ECR J<k
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Geometrical polymer models

Geometrical polymer models

Original polymer models of Gruber and Kunz:

» P = family of finite subsets of some set V

>y~ =S yny =0
Usually

» V = vertex set of a graph (lattice, dual lattice)

» Polymers defined by connectivity properties

» Compatibility determined by graph distances
Warning: Do not confuse with the incompatibility graph

A little more general: decorated geometrical polymers

vy=0,D,) , v="‘“base” CCV, D, = “decoration”
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Cluster expansions

Cluster expansions

Write the polynomials (in (z)~ep)

=1+ Z Z 2y By v+ By, H ]l{%.N%}

=1 (V150010 EPY J<k

as formal exponentials of a formal series

SINE £ {Z o Z qﬁT(fyl,...,%)zw...z%}

n=1 """ (y1,...,yn)EPY

» The series between curly brackets is the cluster expansion

> o1 (71,...,vn): Ursell or truncated functions (symmetric)

> Clusters: Families {71,..., 7} s.t. ¢ (y1,...,7m) #0

» Clusters are connected w.r.t. “="
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Classical strategy

Classical cluster-expansion strategy

Find a A-independent polydisc where cluster expansions
converge absolutely

That is, find p, > 0 independent of A such that cluster
expansions converge absolutely in the region

R = {Z1|Zv|§ﬁ’v,’>’€7)}
To this, find p > 0 such that

Iy (p 2—1+Z D I C TR POy | [ M,

(’717 Yn)EPT
converges. Within this region
» No =, has a zero
» Explicit series expressions for free energy and correlations
» Explicit ¥-mixing
» Central limit theorem
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Part 111

Associated polymer models.
Generalizations
Associated polymer model = same partition ratios
More precisely,

zwodel(haram.) = constp EROlymer(z)

(consty ~ alM).

Let us review several manifestations of this association
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Outline
Useful observation: Distributivity property

Models at high temperature
High-temperature expansion
HTE for Ising ferromagnets

HT-LT duality

Random-cluster (a.k.a Potts) models
Chromatic polynomials
Inhomogeneous Markov chains

Continuous polymer systems
Continuous correlations and expansions
Continuous stat mech systems
Ensembles
Hard spheres

Polymers with soft interactions
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Useful observation: Distributivity property

If S finite set and (g)acs, (Va)acs complex-valued:

[T#a+wd = > [Iea TI #a

acs ACSacA  acS\A
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High-temperature expansion

Models at high temperature

{8 Y daw)} = [ [1+ @@ -1

AeBp AeBy

Y I GECEY

BCBpy AeB

Separating B into connected (w.r.t. overlapping) components,
ZN =

Yoy L T - @ st

n>0"" (By,...Bpn)cBY i=1 ' Bi AeB, zEUB;

B conn.
< [[1BinB,=0)
i<j o
[B = support of B = U{B : B € B}]
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High-temperature expansion

High-temperature expansion

Hence

for the polymer system with
» P = {connected finite subsets of bonds}
» B~B'iff BNB' =

>
2B —/ e Adal ®ME dw)
B

AGB zeB

(small at small 3, i.e. large temperature)

Corresponding cluster expansion = high-temperature expansion



Useful HT Duality Potts Chrom Markov Cont Soft
00®00 00000000

HTE for Ising ferromagnets

HTE for Ising ferromagnets
Obtained by exploiting in

7= 3 I &

wA BeBp

the observation
oBIBw cosh(BJp) + w? sinh(5.Jp)

to get

Zn = [H cosh(ﬁJB)] Z H [1 + wP tanh(8Jp)

BeB) wA BEBp

= [ H cosh(ﬁJB)] Z Z H wB tanh(8.J3p)

BeBy BCB) wa BeB
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HTE for Ising ferromagnets

Group of cycles

I] & = wSoes

BeB

But

with ) =symmetric difference, and
b = 2l if B =)
N 0 otherwise
WA

Hence

Zp = 2|A|[ H cosh(ﬂJB)] Z H tanh(8Jp)

BeBy BCKj BeEB

with

Kn = {BeBy: > B=0}

BeB
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HTE for Ising ferromagnets
Ferromagnetic HT polymer model
The maximally connected elements of ICp are the cycles
(KA is a group for “>°7, generated by the cycles)

Factorizing the contribution of cycles,

Zp = 2|A|[ H cosh(ﬂJB)} =R
BeBp
for the polymer system with
» Polymers P = { cycles}
» Consistency: B~ B if BNB' =10

» Fugacities (small at small 3)

zB = H tanh(8Jp)

BeB
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LTE vs HTE for Ising ferromagnets

Zn = |Sal [H e2JB} =X (M)

BeBy
Iy = 2|A{ H cosh(ﬂJB)} =Rz
BeEB)
(Sp = symmetry group = {x : x® =1 for all B € B,})
Pyt =Cp = {contours} , PYT = Kp = {cycles}

(contour = connected set of excited bonds, cycle = set of bonds
covering each site an even number of times)

2 = exp{—QBZ JB}

BeB

2y = Htanh(ﬁJB)

BeB
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HT-LT duality

Let us absorb g into the couplings Jp
(A%, B}, (JE)BGB}‘\) is the HT-LT dual of (A, By, (JB)Bes, ) if
there exists a surjective map D : By — B} such that
(i) The map B
D :P(By) — P(B})
D(B) = UpepD(B)
induces a surjection (bijection) Ky — Cx
(ii) For each B* € B}

e 2 = H tanh(Jp)
BeD-1(B*)
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Dual systems

For HT-LT duals
Zy = 2§ [H cosh(JB)H I1 e—%@*} Zx.

BeB B*eB*

Hence:
convergent C.E. for Z}. <= convergent C.E. for Z,

That is,
analyticity of f* <= analyticity of f
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Construction of HT-LT duals

» Consider a family {Bj,..., By} of generators of Ky
» Associate to each B; a site z7 € A*

» Define
D(B) = {z; : B; > B}

In particular
» Regular 2-d Ising is self-dual

» Ising with four body has as dual the usual Ising
Comments

> Strong duality: Kp = Cx

» Similarly there are LT-HT, HT-HT and LT-LT duals
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Potts model

Let
» (L, B) be a graph any (eg. L = Z¢, B =n.n. pairs),
» E={1,...,q}, F =discrete, up =counting

>
— _ny (5“’:0“’1/ - 1) if {:L’,y} €B
opWw) = { 0 otherwise
> Pleyy = J if we # wy, 0 otherwise
» If ¢ = 2, Potts=Ising
Finally,

ZPotts ,8, Z H 5Jzy szy_l)

WA {l',y}GBA
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The FK trick

Crucial observation:

eﬂ‘]ﬂby(éwxwy_l) = (Swzwy —+ e_ﬁ‘]zy(l - 6wzwy)
(1- pxy) + Pry 5wa:wy

with pyy =1— e PJzv_ Hence, for A cC L,

ZEOtts(ﬁ7Q) = Z H |:1_pmy +pxy5wlwy:|

wA {z,y}eBA
- Z Z H 5‘%“’9 H Dz y H (1*p$y)
wA BCBp {z,y}eB {z,y}eB {z,y}¢B

(Bp = links (bonds) with vertices in A)
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The FK expansion

Z H 6wzwy = qC(B)

wa {z,y}eB

with C(B) = # connected components of B,

Cont Soft
00000000

ZPotts ﬂ, Z qC(B H Dy H (1—pxy)

BCBp {z,y}eB {z,y}¢B

» ¢ = 1: regular (independent) bond percolation in Z¢

» ¢ > 1: dependent percolation due to ¢©B)
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FK model

ZRo%(8,q) = H (1pmy):| Z B H _ P2y

1—
{z.y}eBa BCBy {z,y}eB Pzy

= [ TI a=-p)| 28v)

{IE,y}EBA
with
Z3qv) = > ¢“P I vew
BCBa {z,y}eB
and
vl‘y — priy — eﬁJzy_l

1 _pmy
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FK polymer model

(Also called random-cluster model)
Reorder the sum:

» Each B defines a graph G = (Vp, B)
» Let G; = (V;,B;), i =1,...,k connected components

» The vertex sets are disjoints: V;NV; =0 if ¢ # j
» The sets of bonds B; are such that each G; is connected

Furthermore
C(B) = k+ # isolated points
= k+]Al= ) IVl
= A=) (Vi =1)
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High-q expansion

Then
Z)* (g, v) - (IVi|-1)
) _ — L —

A — s Y He™ S o]

k>0 (V1,..., Vi) Ak i=1 B;CBy, {=z,y}eB;
disjoints (V;,B;) conn.
—FK
= Zip (%)

FK geometrical polymer system: P = {V cC L},

wo=g S ]

BCBy z,y}eB
(V,B) connected { 7y}

decreases as ¢ — oo (or as f — 0)

Corresponding cluster expansion = high-q (high-T') expansion
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Chromatic polynomials
Given a graph G = (V(G), E(Q)):
Pc(q) = # ways of properly coloring G' with ¢ colors

“properly” = adjacents vertices have different colors

Ifw:V(G) —{1,...,q} denote colorings

Polg) = >, ] [1-buw,)

w {zy}eB(@)
Introduced by Birkhoff (1912) to determine
xXqg = min{q : Pa(q) > O}

chromatic number = minimal q for a proper coloring



Useful HT Duality Potts Chrom Markov Cont Soft
00000 00000000

Tutte polynomial

Slight generalization: (—1) — vy

Po(q,v) = Z H [1+ny5wzwy}

w {z,y}€E(G)

= Y B ]

BCE(G) {z,y}eB

This is a multivariate version of the Tutte polynomial

For us
Pgq,v) = Z%(q,v) = ™=K (2)

This identity proves that Pg(g,v) is a polynomial in ¢
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Standard Tutte polynomial

Its original definition is

Tou) = Y (A= DIPCE - IBreE
BC¢&
= A=) —-1)VPg (A= 1)(p—1),u—1)
Important properties:
» It is related with the

» flow polynomial
» dichromatic polynomial
» Whitney rank function

» Different limits yield generating polynomials:
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Multivariate generating polynomials

limq*C(E)Pg(q,v) = Z vB
qHO BCE
conn. spann.
limg VIPo(g.qv) = ) o
=0 BCE
spann. forest
lim tCE =V 1im a=CE) Pr(a.t } _ B
lim lim ¢ (g, tv) Y oow

BCE
max. spann. forest

RHS are multivariate generating polynomials of
» spanning graphs
» spanning forests

» maximal spanning forests (= spanning trees if G connected)
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Chromatic numbers and cluster expansions

If J,, < 0 (antiferromagnetic Potts model)

va:eﬁ‘]zy—l—> —1

pB—00
Hence
Polq) = Z%(q,—1) = ¢™M=¥(z7)
with
Zy = g~ VI=1) Z (—1)Bl
BCBy
(V,B) conn.

Region free the zeros of Pg(q) — bound on xg
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Inhomogeneous Markov chains
Let (X,)n>0 be a Markov chain, X,, :  — E, characterized by

pn(xn—hxn) = P(Xn = Tn | Xp—1 = xn—l)
po(z) = P(Xo=2x)

Denote
Plon) (zg) = po(wo) p1(wo, 1) - Prl(®n_1,7n)
Pla+1,p) (.7}2) = Pat1(Tas Tar1) - Po(To-1, Tp) (a>0)
Consider o : £ — R,
n
Sn(zg) = ) alxi)
i=0

and the characteristic function

¢n(f) = Zp[o,n](fﬂg) e&Sn(m{})

n
o

Soft
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Polymer representation (Dobrushin)

n

oESn(af)  — H{H(esa(mi)_l)}
i=0
b;
-y I1 H(ega(zz) _1>
k la1,b1],[ag,bg] l=a;

0<a;<b;<n, bi<ai+171

Hence

n(§) = Z Z Pay X[a1,b1)P[br,as] *** Xag,be]Plbr,n]

Zab [a1,b1], ,[ak,bk]
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Polymer representation (Dobrushin)

where

Pa(za) = P(Xo=1z,)
Plat)(Tas ) = > Plagip(@h)
xb*l

a+1
b

Xla,b] (g, ) = Z Pla+1,] (xg) H(efa(wi) _ 1)
b—1

i=a
wa+l

X[a,p) 18 small if [£] is small

Must include relaxation properties of the chain:

Plba) = [p[b,a] —pa} + Pa
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Polymer representation (Dobrushin)

Result:

with
P = {(Q,b) = (a1,b1,a2,b2,...,a1,b) : 0<a; <b; <n, b < ai+1}
and

Z(ab) =

Z pal X[al,bl] [p[b1,a2] _pag] X[a2,b2} Tt [p[bk—lyak] _pak] X[ak,bk]

Tqa,Tp

Small if !p[bﬂ} — pa‘ and |¢| small. Relaxation — CLT
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Continuous correlations and expansions

Generalization I: Continuous polymer systems
More generally,

1 1
LY = A e
TL' 7'1,' pn

(’717’771,)67)17\1 A
where dv; - - - dv, is an appropriate product measure
Also, for book-keeping purposes: z, = z &,

That is, we consider measures on ), Py with projections on P}

1 2"
Zp n! S S H Lfjmmpy Ay - dm
- j<k
where
— "
En(z.8) =1+ n,/ngw o [T Mgy A1+ dm
n>1 Py j<k
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Continuous correlations and expansions

Correlations and cluster expansions

The correlation functions are probability densities —with
respect to dyy - - - dy,— of finding polymers vy, ..., Vn:

=PV 7k

—
=A

PAYL, s Vn) = Zyp oo 2y,

The cluster expansion is the formal series such that

X _n

—~ F 4

=A = eXp § :7 QST(’Vlv""/yn)g’h-'-é-'ynd'yl"'d'Yn
n=1 n! P

Interest focuses in appropriate limits A — oo, when P — Py
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Continuous stat mech systems

Example: Classical continuous gas

Basic setting

» Particles moving in a continuous space S (e.g. S = R%)
» Initially particles in a box A CC S, eventually A — S

» Particles are distinguishable, but interest focuses on which
points are occupied and not by whom

Hence:

» Configuration: momenta and positions of particles in a box

» There is a 1/n! factor averaging permutations among sites
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Continuous stat mech systems

Ingredients of a continuous systems

» Energy of n particules of momenta p; and positions x;:

n 2
H(pla"'apn7$1)"-7$n) -

where U is the configurational Hamiltonian

U(zy,...,2) = Z bl ((#)ica)

AcC{1,...,n}

> Gibbs chemical potential v (acts as a “field”)
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Ensembles

Grand canonical ensemble

Measures on Y. [(RY)™ x A"] (with A CC S), s.t. projected on
(RHY™ x A™:

Zl/\ei’:" ﬁ {exp(—ﬁp?)dpi] exp {—ﬁ Ul(zxy,... ,mn)} dxy---dxy,

. 2m
=1

with

3 (R CE o

n>0

X /Anexp[—ﬂU(ajl,...,.xn)]dxl~-d:En
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Ensembles

Configurational ensemble

If no questions on momenta,

[en(-oyan = (25)"

and ensemble reduces to a measure on ), A" with projections

1 n
Z—A% exp{—ﬁU(ﬂzl,...,xn)]dxl codxy,

with

Zy = Z%T /Anexp[—ﬂU(:Ul,...,xn)]d:vl-'-dacn

n>0
" (27””)‘” ’
3

and

Soft
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Ensembles

Correlation functions

Let us abbreviate: xi 3 TN )
The m-point correlation function is the probability density

n 1 Zm—f—n m , n+m m-+n
p(xl) = Z 7;) n An €xp |:_ﬁ U(xl 7ym+1) dym+1
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Hard spheres
Gas of hard spheres
Points = centers of spheres of diameter R:

o (2 zy) = oo ifn=2and |1 — x| <R
nATLe ) = 0 otherwise

This gives a continuous polymer system with

» Polymers = centers of spheres in A:

P = Py = {zcA:dist(z,S\ A) > R/2}

» Compatibility = non-intersection of spheres

xoy <= |[z—y| <R
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Generalization II: polymers with soft
interactions

Archetypical example: Gas with two-body interaction:

U(z,...,xn) = Z P, 25)

1<i<j<n
Hence,
n
ZA — E i E H fﬁgb(l"“x]
n!
n>0 (21,0 EAT 1<i<j<n
or

E=1+ Z / H e P@i2i) gy - - day,

n>1 1<i<j<n
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Interacting polymer systems

Multivariate (z — z) abstract version. Ingredients:

» A measure space (P,dv)

» Subsets Pp C P of finite measure s.t. Py — P

» An activity parameter z

» One-contour factors £ = {&, : v € P}

» Two-contour factors ¢ = {p(v,7') : 7,7 € P}
[plus measurability and integrability hypotheses|

Model defined by measures on ), Py whith projections

An, [ 11 @%%H 11 éwd%}

1<i<j<n 1<i<n

seto) = S [ [T et T1 &0

nso PR 1<i<j<n 1<i<n
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The levels

Following Sokal:
» Level 1: 0 < |o(v,v")| < 1, for all v,+/
» This corresponds to a repulsive gas [¢p(x; — z;) > 0]
> In this case, [Za] < exp([fp, 2] d7)
» Level 2: ¢(y,7) = 0 (hard-core self repulsion),
0 < |p(v,7") <1, for all 7,9/
> Level 3 p(v,v") € {0,1}, ¢(~,v) = 0 for all 7,4 (hard core
self and mutual repulsion)

In stat mech: short-range repulsion but long-range attraction
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Graph-theoretical set-up

It involves complete graphs

Sree) = Y 3 [TL ][ I o)

n>0 " (1.0 )EPY 1<i<n 1<i<j<n
If p(z,x) =0 for all x € P (level 2),

Ea(zp) = D [szH 11 w(m,y)]

CcPp zel’ {z,y}cl
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Occupation numbers

In general, terms depend on occupation numbers

N (21, 2n) = #{1<i<n:x;=x}

After a bit of combinatorics (coming soon):

Ealz, ) =
Py o(z,x ng(ng—1)/2
1!
n>0 “zePy {z,y}CPa

In particular, a system with mutual, but not necessarily self-,
exclusion (¢(z,y) =0,1 for x #y, 0 < p(z,x) < 1) is
equivalent to a full hard-core (level 1) with

=Y 2 e, z) D2

x !
n:
n>1
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Part IV

Algebraic properties of the expansion

We discuss
» Algebraic properties of the coefficients of the series

» Expressions for ¢”

We shall present three approaches:
» Derivation using multivariate formal power series
» Verification (valid also for the continuous case)

» Elegant algebraic approach

Penrose
00000000
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Outline

Derivation for countable polymers
Exponential generating functions
Truncated coefficients
The general relation

The case of measurable polymers
General result
1st proof
Elegant proof
Moebius transform

Level-1 case

Penrose identity
Truncated functions for hard core
Penrose identity
Partition schemes
Proof of Penrose identity

Penrose
00000000
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Exponential generating functions

Derivation for countable polymers

Issue: write a series

— 1
EA(z):l_‘_ZE Z A(V1s- -2 Vn) 2y Zya - - 2y

n>1 " (Y1,ee7n) EPR
as a formal exponential of another formal series in (2y) ep
F — 1
= T
:A(z) = eXp{Zg Z (b (717"'7’)/71)2’)’1"'2"/n}
n=1" (y1,...7n)EPY

The series between curly brackets is the cluster expansion
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Exponential generating functions

Multiplicity functions

In general, we are dealing with series of the form

= Z% Z a(f)/l?"'a’yn)zﬁ’l'”z’)’n

n>0 " (y1,...yyn)EPT
Let us not assume anything about the coefficients other than
a(y1,...,7n) is symmetric under permutations of (y1,...,v,)
Therefore, a(y1,...,7v,) is a fen. of the multiplicty function:
M :-pP®N ., NP

[M(’Vlv'--,')/n] = #{Z Vi = ’7}
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Exponential generating functions

Exponential generating functions
Let a(a) = a(y1,.--,7vn) if M(y1,...,7) = a. Then

1 01
F(z) = Zﬁ Z a(a) No z
n>0 a:|al=n
where |a = a, and
Na = {('717"~77|a|) : M(’ylv"'77|a|) = a}
ol _ ol
[L, ! al
Then
F(z) = Z@za

Multivariate exponential generating function

Penrose
00000000
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Truncated coefficients

The truncated coefficients

The problem
Given functions a(c), find functions a® () s.t.

34 e exp{gagf’)zﬂ}

a

Then, a®(v1,...,7m) =a® (M(’yl, ... 7%1))

The key relation
Equating coefficients of z®

a(a 1 kgt Bi
t(x!) - ZE 11 B(i!) (1)

kzl (ﬂl:"'v k) i=1
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Truncated coefficients

Algebraic facts

Key observation 1:

Previous expression uniquely determines a™:
o] =1 a(y) = a'(y)
o] =2 a(y1,7%2) = at(y,7) +at(n)at(y)
= a"(v1,72) +a(m) a(ye)
lal =n ... (induction)

Key observation 2:
Better to go back to n-tuples

k7
a(yi, .-y Yn) _O"Z Z Haﬁ(j'zl

k>1 (Bl? 7[3k)7’ 1

{I1,..., I} partition of {1,...,n} (subseqs.) s.t. B; = M(~r,)



Countable Continous Level-1 Penrose
00000@0000 0000000000 00000000

Truncated coefficients

Number of partitions

Q: How many partitions {I1,..., I} satisfy 8; = M (y7,)?

Preliminary example: o, =n and a, = 0 for v # g
Then (’Bi)Vo = m; and (,Bi)y =0 for v # 7y and

#{partitions (I,..., Iy} with |Ii|:mi} - ( " )
ml .« .. mk

More generally: a,, =n1,...,o,, = ny, otherwise ay, = 0

Do the same for each n;:

. n1 ny o!
# partitions = ( ) ( ) = ——
m%mllﬁ m{mﬁ Byl -- B!
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The general relation

Defining relation

Bottom line: If a and o’ are perm.-sym. and satisfy:

() alm) =Y Y. a () ()

k {11, I}
part. of {1,...,,n}
Then, as formal power series in z,

1+Zn, Yo alisee ) 2 o

n21 (PYI 5. 7771)

= eXp{Z Z 717”'7771)2’)/1'”2%1}

n21 . (717 ,’Yn)
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The general relation

Inverse relation
The relation (%) can be inverted

a(y) = a'(v)
a(v,72) = a’(y1,72) +a’ (1) a’ (2)
Hence
a’(v) = aly)
a'(v,72) = a(m,72) —a(n)a(ye)
Analogously,
a(v1,72,73) = a’(y1,72,73) + [a" (n1) a’ (y2,73) + 2 permut. ]
+a’ (m)a" (12) a’ (73)
thus
a’ (v,72,73) = alv,72,73) — [a(m1) a(v2,v3) + 2 permut.]

+2a(y) a(y2) a(ys)
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The general relation

Alternative expression

Theorem
The relation (*) is equivalent to

(**) aT(’Ylw--,’Vn Z Z HCL ’)/]

k=1 {11, L) i=1
part. of {1,...,,n}

Proof: (i) Induction on n,

(ii) Proceed as above but asking

Z Z ’yl,...,fyn)z%-uz%

nz 1 (’Yl I »Vn)

log{l—l-z ] Z ’Yla---,’)/n)zvl"'z’yn}

nzl o (y1,057n)
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The general relation

The “exponential transform”

In fact, the fact the use of labels 1,...,n is conventional

Theorem (“Exponential transform”)
Let S be a finite set and let F,G : Parts(S) — C. Then,

k
FA) => > J]e®B) vacs

k’ {Bl ..... Bk} =1
part. of A

if and only if

k
GA) = > ()" k-1 > J[FB) vAcsS
k=1 {B1,....By} i=1
part. of A

[c.f. Moebius transform: F(A) =) -, G(B)VAC S <=
G(A) = X pea(-)"IF(B) VA C 5]
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General result

In fact, previous expression applies also to the continuous case

Theorem

If
) abenm) =S S dm)--aT )

ko (LD
part. of {1,...,,n}

then, as formal power series in z,

1—}—2 / ’71,...,%1)571 'g'ynd'Yl“‘d’Yn

[This results includes the discrete case!]
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1st proof

First proof

Replace (x) in the original series and use combinatorics:

1+Z / a( i) € dyft =

n>1

1+Z Z Z H[/ T(yn) € dny,

n>1"" k>1 {I,.Ix}
part. of {1,...,,n}

The integral over dv;, depends only on |I;| =: ¢;

l n
K'\fly--- 4

ways to choose {I1,--- , I} with |I;| =¢;

There are
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1st proof

First proof (conclusion)

Hence

1+Z / a(y1) € dr

n>1

nl o [ 2t T, ¢
= 1+Z Z Z k‘!A1|:E@'!/'plia(’71
1= A

TL>1 k>1 (Zlv 7£k¢)
L1+ +Lp=n

= 1+> [Z / (v) €71

k>1 >1

k

) 4 )
D€ dvy

Penrose
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Elegant proof

Elegant proof

Two ingredients:
(i) An association

a = {an P — C} — ag + Z /73 ’71 6’\/1 d’}/l

n>1

(ii) An operation “x” such that

x b

[CLO + / 71 f’yl d71:| |:bO + Z / 71 571 d71:|

n>1 n>1

IS
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Elegant proof

Algebraic setup: Basic definitions

(i) In A = {a} let us define the product

(@ * b)n(7]) = > an (7)) by, (V1)

(I1,1I2)
part. of{1,....,n}

(ii) For each integrable function & = {&, : v € P} let

€ a)e) = a0t /P () €

n>1

Penrose
00000000
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Elegant proof

Algebraic setup: Key calculation

Proposition
For each &, the map (€, o)(2) is a homomorphism from
(A, +,*) to the algebra of formal power series; that is,

(a) (€, a+0b)(2) = (£, a)(2)+ (£, D)(2)
(b) (€, axb)(2) = (£, a)(2) - (£, )(2)

Proof: (a) Immediate, (b) exercise (easier than the above check
on the exponential. [
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Elegant proof
The x-exponential and *-log
(A, +, %) is an algebra with unit § with (§), = dn0
[i.e. a*d = a for each a € A]
Let A, = {a € A:ap=0}. The series
Exp*(b) = 6+b+~b#b+
R ]
defines a map Exp*: A — A,
By the same combinatorics as for the usual exp and log series,

1
Log*(a) = a—gaxatgaxaxat-

Log*: A, — A, is the functional inverse of Exp™:

a=Exp*(b) < b= Log*(a) (2)
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Elegant proof

Explicit expressions

In fact, for each argument (z1,...,z,) both sums are finite:

[Exp*(b = Z wa

k {Ila ) }
part. of {1,...,,n }

n

k
[Log*(@)] (1) = > _(-D)* k=1t Y [Jalw)

k=1 {11,...,[]€} =1
part. of {1,...,,n}

and (2) is just a proof of the exponential transform.

Penrose
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Elegant proof
Conclusion of the elegant proof
The proof that () implies

1+Z / a(y1, -+ ) &y Gy dyr e dm

= exp{z n,/ 71,--.,%)571-~§%d71---d'yn}
n>1

reduces then to the statement

< >( ) is an homomorphism,
“(a

")(z) = exp[(¢, a”)(2)]
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Moebius transform

Moebius transform reinterpreted

Let 1 € A defined by 1(~]) = 1 for each n
Then

a*]F) = Y alw)

Ic{1,..,n}

To invert this we need g s.t. 1xg = J, or
Z 9(71) = 6n0
Ic{1,...,n}

By induction:
g(r) = (="
The relation
b=axl < a=bxg

is Moebius transform
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Most popular case

a(fyla ce 77”) - H (p(ﬁyivfyj)
{i.g}
[p(vi, ;) = e BUOL), B — oo for “hard-core”]. Writing
p(i) = 1+ (w(w,w) - 1) = 1+ 90, 7)
We have
a(yi,-m) = |1 [1 + 1/1(%-,7]-)]
{i.g}

= > IIv0e)

CCGn eeG

» G, =complete graph with vertices {1,...,n}
» Sum over (not necessarily spanning) subgraphs of G,
> E(G) = edge set of G

Penrose
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Connected graphs and partitions

Decomposing each G into connected components,

a(1,-- -, n) Z > H[ 11 d)%}

k=1 {G17 7Gk} i=1 EEE(G
conn. part. of Gy,

[G; can be a single vertex, [y = 1]

Grouping graphs with same vertex set:

S DD Y | (1D 3 I +o0]

k=1 {11,...,Ik} =1 GCG[ EEE( )
part. of {1,...,n} conn. span.



Countable
0000000000

Conclusion:

then

(..

with

If

a(yi,--m) = ] o)

Continous
0000000000

Level-1

THE formula

V(vi,v5) =

7771) -

{i.g}

> H ¥(7e)

GCGn  ecB(G
conn. span.

1

Penrose
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Truncated functions for hard core

Penrose
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Truncated functions for hard core
For hard core:

N _ =1 ify oy
¢(7@77j) = ﬂ{’YiN”/j} -1 = { 0 if 7 ~

Hence: For each n-tuple (y1,...,7,) construct the graph
Q(MW,%) with V(G) ={1,...,n} and E(G) = {{zg} Dy fyj}
Then

1 n=1

6T (v, m) = > (-)IF@I n>2, G conn.

GCY(y,y

G conn. spann.

0 n > 2, G not c.

This formula involves a huge number of cancellations
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Penrose identity

Penrose identity

Penrose realized that these cancellations can be optimally
handled through what is now known as the property of
partitionability of the family of connected spanning subgraphs

Theorem
For any connected graph G = (V,E) there exists a family of
spanning trees —the Penrose trees ’Tgpenr— such that

Z (_1)|E(G)| — (_1)‘V|—1 ‘r]’gpenr|
GCg
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Partition schemes

Partitionability of subgraphs

Let
» G = (U,E) a finite connected graph
» Cg = {connected spanning subgraphs of G}
» 7 = {trees belonging to Cg}

Partial-order Cg by bond inclusion:

G<G < E(G)cCEQG)

If G <G, let

[G,G) = {GeCz:G<G<G}
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Partition schemes

Partition schemes

A partition scheme for Cg is a map
R:1Tg — Cg
T — R(7)
such that
(i) E(R(T)) D E(7), and
(ii) Cg is the disjoint union of the sets [r, R(7)], T € Tg.
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Partition schemes

Penrose scheme

» Fix an enumeration vg,v1, ..., v, for the vertices of G
» For each 7 € 7g let d(i) = tree distance of v; to vy
> Rpen(7) is obtained adding to 7 {v;,v;} € E\ E(7) s.t.

(p1) d(i) = d(j) (edges between vertices of the same generation),
or

(p2) d(i) =d(j) — 1 and 7 < j (edges connecting to predecessors
with smaller index).
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Proof of Penrose identity

Penrose identity

For a partition scheme R, let

Tr = {T S el ‘ R(7) = T}
(set of R-trees).
Proposition

Z(_l)IE(G)\ - (_1)\V|71‘7R‘

GeCg

for any partition scheme R
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Proof of Penrose identity

Proof of Penrose identity

For any numbers z., e € E,

SMe-Y = ¥ -

GeCs e€E(G) T€Tg e€B(t)  FCE(R(T))\E(7) e€F

— Z H Te H (14 )

7€l e€E(r)  e€E(R(1))\E(7)

» If . = —1, the last factor kills the contributions of any
tree 7 with E(R(7)) \ E(7) # 0
» For any tree, |E(7’)} =V|-1
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Proof of Penrose identity

Comments

» Hard-core condition is crucial. If only soft repulsion,

14z <1

and we get the weaker tree-graph bound

> I0 o) < X 1T Il < 1%l

GeCg e€E(G) T€1g e€E(T)

Penrose
0000000e

» The smaller the number of triangle diagrams, the larger the

number of Penrose trees. Hence:

R(G) D R(tree with larger degrees)

D  R(homogeneous tree with max. degree)
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